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ON THE REPRESENTATION OF ORDER
CONTINUOUS OPERATORS BY RANDOM MEASURES
BY
L. WEIS

ABSTRACT. Using the representation 7f(y) = [f d»,, where (»,) is a random mea-
sure, we characterize some interesting bands in the lattice of all order-continuous
operators on a space of measurable functions. For example, an operator T is
(lattice-)orthogonal to all integral operators (i.e. all », are singular) or belongs to the
band generated by all Riesz homomorphisms (i.e. all », are atomic) if and only if 7'
satisfies certain properties which are modeled after the Riesz homomorphism
property [31] and continuity with respect to convergence in measure. On the other
hand, for operators orthogonal to all Riesz homomorphisms (i.e. all », are diffuse)
we give characterizations analogous to the characterizations of Dunford and Pettis,
and Buhvalov for integral operators. The latter results are related to Enflo operators,
to a result of J. Bourgain on Dunford-Pettis operators and martingale representa-
tions of operators.

1. Introduction. In this paper we consider a kind of operator representation which
generalizes the classical form of an integral operator

(1.1) T/(y) = [k(y, x)/(x) du(x),
or of a Riesz homomorphism
(12) Tf(y) = a(y) - f(a(y))

by replacing the kernel function y — k(y, -) - u or the point-measures y = a(y)d,(,,
by a more general stochastic kernel. Let E and F be Riesz function spaces over
standard measure spaces (X, &, p) and (Y, &, v) respectively (for notations and
definitions see below). For every order continuous operator 7: E — F, there is a
random measure (), y of measures on (X, &) such that for all f € E

(1.3) Mﬁ=ﬂ@ymn

This kind of representation first appeared in probability theory: a regular condi-
tional probability distribution is a representation for a conditional expectation
operator. In the context of operator characterizations of Markovian kernels the
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special case E = F = L_ is given in Neveu’s book [36, §5.4]. The case E = F = L,
was shown by Arveson [1] who used this representation in his study of operator
algebras. For E = F = L;, N. J. Kalton [19-21] gave an independent proof and
applied it to the structure theory of L -spaces and Banach lattices (see also [6]). The
general statement (1.3) is due to Sourour [41, 42].

Already in the theory of Markov chains (see [13, Chapter V]), but also in the
above applications, it turned out to be useful to decompose T into its “integral” and
its “singular” part:

(1.4) /() = [fdv+ [fdv. v <pw L,

where », = v/ + »; is the Lebesgue decomposition with respect to p, and also into its
‘diffuse’ and ‘atomic’ part:

(1.5) Tf(y) = f fdvi + / fdve, v diffuse, »* atomic.

In the lattice of all order continuous operators these decompositions correspond to
band decompositions: the integral part of T of course belongs to the band L, of all
integral operators (1.1) and the singular part belongs to its orthogonal band L ; the
atomic part belongs to the band L, generated by all Riesz homomorphisms (1.2) (see
Corollary 6.3), and the diffuse part to its orthogonal band L,. While there are good
characterizations of integral operators and the bands generated by a single Riesz
homomorphism [31], the bands L, L,, L, seem to be less well understood. In this
paper we give characterizations of operators in L, L, or L,, which are similar in
spirit to the known results on integral operators and Riesz homomorphisms.

For an operator T with a diffuse representation (i.e. T € L), it is clear that (let
d( A) be the diameter of a set A C X for a metric d on X)

(1.6) d(A,) —» 0 implies Tx, — 0 v-ae.

We show that (1.6) already characterizes such operators—a result analoguous to
Buhvalov’s characterization of integral operators.

It is well known that an operator 7 in L,( X, &/, p) is an integral operator if and
only if
every band L,(A) contains a band L,(B), A, B € &/, such

(1.7) that 7); (g, Is compact.

If we replace the band L,(B) in (1.7) by a nonatomic sublattice L,(Z, ) (= a
sub-o-algebra of A4), then we obtain a characterization of operators in L,. These
descriptions of L, together with another one derived from the Dunford-Pettis
characterization of integral operators are contained in §4.

On the other hand, we can characterize L and L, (in §§ 5 and 6) by weakening
appropriately the disjointness-preserving property of Riesz homomorphisms. For
example, 7 has an atomic representation (i.e. 7T € L,) if for all L,-bounded
sequences f, € E we have

(1.8) £ 50 implies Tf, 0.

/
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and T has a singular representation (7 € L) if for all such ( f,) we have
(1.9) d({f,#0}) >0 implies Tf, - 0.

Further conditions are inspired by the so-called Maharam property of Luxemburg
and Schep [31], and we also express T € L, L, in terms of the vector-valued
martingale determined by 7".

In this context we obtain the following generalization of a result of J. Bourgain on
Dunford-Pettis operators: If T: L,[0,1] —» L,[0,1] then 7" has a diffuse representa-
tion if and only if there is a function G: [0,1] — M0, 1] such that for f € L,[0,1]

(1.10) Tf = [G(x)f(x) du(x),

where the Bochner integral exists with respect to the so-called ‘discrepancy’-norm on
M0, 1] (see Definition 3.8), i.e. T: L,[0,1] — MO0, 1] is representable with respect to
this weaker norm on M[0, 1] (see Corollary 4.4).

In §2 we collect some auxiliary results. In §3 we introduce notions which allow us
to replace the rather restrictive conditions on diameters in (1.6) and (1.9) by a more
general condition.

Some applications of these characterizations to a result of N. Ghoussoub and M.
Talagrand on Banach lattices with the Radon-Nikodym property, to convolution
operators and to essential spectra of L,-operators will appear in [47].

Now we fix some notations and recall some definitions. Let (X, &, u) and
(Y, &, v) always be measure spaces where X and Y are separable metric spaces and
<, & are their o-algebras of Borel sets, such that (X, &) and (Y, &) are standard
measure spaces [37, Chapter V, §2]. u and » always stand for strictly positive and
finite measures. d denotes the metric on X or Y, and d(A4) is the diameter of a subset
of X or Y. Recall that a random measure from (Y, #) to (X, &) is a family (p,) <y
of finite (not necessarily probability-) measures such that for all 4 € & the function
y € Y = u,(A) is #-measurable. Such a random measure is called v-orthogonal if all
p, are probability measures and there is a measurable map o: X — Y such that
p'y(o“( y)) =1 for v-almost all y € Y. In probability theory these v-orthogonal
random measures appear as regular conditional probability distributions.

L,(X, &, n) is the space of equivalence classes of u-measurable functions on X
and for A € &/and a o-subalgebra = of &/ we use the abbreviations

Ay={ANA:A e}, Ly(Ap)= LO( A, sy, ML«'A)’
E,={flysf€E}), S,={ANA:A €Z},
Ly(Z,,p)= LO( A, 2,0, p|24), Es = { f € E: f3-measurable},
&5, denotes the conditional expectation operator from L,(X, &, p) onto L,(Z, p),
1<p<w.
Let C(X) denote the space of all bounded, continuous functions on X and M(X)

the space of all signed, finite measures on (X, &/). §, is the point measure at x € X.
By the Radon-Nikodym theorem we can identify L,(X, p) with the subspace
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{(Ae M(X): A< p} of M(X) by f— f-n, where (f- u)(A) = [,fdp. Since p is
strictly positive we can identify C(X) with a subspace (C(X))" of L (X, &, pn) by
gEC(X)—>ge L (X, &, p). Let T: L (X &, p) —> L (Y, B,v) be a w*-con-
tinuous operator with T ((C(X ))C(C(Y)"). Then T defines an operator 1
C(X) = C(Y) such that T’ is an ‘extension’ of 7" in the sense that

(1.11) T'(f-v)=(T'f)-n forfeL,(Y,»).

Therefore in many statements below, we will not distinguish between f, f - u; C(X),
(C(X )) and T, T.

“u —> A” denotes the weak convergence of measures, i.e. the o( M(X), C(X))-
convergence.

“f % 0” means that f,, converges in p-measure to zero.

By a Riesz function space E over (X, &/, p) we mean a sublattice of Ly( X, &, n)
such that:

(i) Eis an ideal in Ly( X, &, u),

(i) x4 € Eforall 4 € &with u(A4) < oo.

The Kothe dual of E is given by

= {fE Ly(X, &, p): flf'g|du< ooforallgEE}.

If 1 € EX, then E* is a Riesz function space too.

Let E and F be Riesz function spaces and 7: E — F be a linear operator. We call
T regular if for all f € E thereis a g € F such that |h| < fimplies |Th| < g. The class
L.(E, F) of all regular operators is a lattice in the natural ordering [39, IV, §1; 29;
44, V111, §2] with the modulus of T given by

IT\f = sup{|Tg|: |g| <f} forf€E,.

A regular operator is order continuous if |h,| < f€ E, h, — 0 a.e. always implies
that Th,, — 0 a.e. The class Ly(E, F) of all order-continuous operators is a band in
L.(E, F)[44, VIII, § 3]. If E and F are Kothe function spaces with order-continuous
norms then every regular operator is order continuous [44, VIII, §3]; if £ and F are
both abstract L-space or order complete abstract M-spaces then every bounded
operator is regular [39, IV, §1].

Let E and F be Riesz function spaces with1 € E*and1 € F*andlet T: E - F
be order continuous. Then the adjoint 7”: F*— E* is order continuous again.

For unexplained terminology and relevant information on lattices and regular
operators see [30, 32, 39], on probability theory see [36, 37], and on Banach spaces
see [25-27].

2. The representation theorem. Important special cases of the following result were
shown in [36, §5.4; 1; 19; 20; 41 and 12].

2.1 THEOREM [42]. Let E and F be Riesz function spaces over (X, &, ) and
(Y, &, v) respectively. For a regular operator T- E — F the following are equivalent:
(a) T is order continuous.
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(b) There is a random measure (p,),cy from (Y, &) to (X, &) such that for all
fEE

(+) Tf(y) = [fdu, vae.

This representation is unique in the sense that if (W), <y is a second random measure
with (+), then p., = p', for v-almost ally € Y.

2.2 REMARK. In (+) it is assumed implicitly that

(1) p(4) = 0 implies |u,[(4) = 0 r-a.e.,

(i) /If1dIp,] < oo r-ace.

Because of (i) we may use the same symbol for a function and its equivalence
class.

2.3 REMARK [42, THEOREM 4.1]. If S, T: E — F are order continuous operators
and (p[T]) denotes a representation of T then

@ p,[T + S]= p,[T] + p,[S] race,

DO T<S=0<p[T]<p,[S]rae,

© BIT*] = BT, [T = |, [T ]| v-ace.,

@ p, [T AS]=p,[T]Ap,[S]rae.

The next lemma will be used many times in the following sections. It also provides
a proof for Theorem 2.1. (In the following we use identifications of spaces as
discussed in (1.11)).

2.4 LeMMA. Let T: E — Ly(Y, %, v) be an order-continuous operator. For every
¢ > 0 there is a compact K C supp v with v(Y — K) < & such that:

@ xxT: L (X, &, p) > L (K, Bg,v)and x xT: C(X) > C(K).

(b) The operator (xxT): L(K,») = L,(X,p) “extends” to a w*-continuous
operator (X xT)': M(K) = M(X) such that (X xT'XUpx,) is uniformly tigh.

© p,= (xxkT)9,, y € K, defines a random measure from (K, %) to (X, &)
such that

Tf(y) = ffduy v-a.e.forallf € E,

((xxT)A)(4) = fKuy(A) d\(y) forA€ M(K), A e .

PROOF. (a) |T|: E — Ly(Y, %, ») exists and is also order continuous. Choose a
sequence of compact sets X,, C X with

(21) XmCXm+1C R M’(X_UXM)=O’

|p|y is strictly positive

and a sequence ( f,) dense in U, C( X,,) with respect to the sup-norm. Since x y. — 0
a.e. it follows that |T|x y. — 0 a.e.

By Egoroff’s theorem and [37, II, Lemma 4.2], there is a compact K C Y such
that:

(2.2) »(Y-K)<e,  KCsuppr,
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(23) Tl € L, (K.»),

(2.4) ”X I TIx X
(2.5) all Tf,| . and | Tf, | , are continuous on K.

OC—>0 form —» oo,

By (2.3) the regular operators T, [T|: L (X, ) > L (K, ») are continuous with
respect to || - ||,,-norm. For every f € Uy, there is a sequence ( f, ) such that

1
+——-20 form— .
©  m

\7f = 77, )|, <[ 171xx,

Therefore, T: C(X) —» C(K) by (2.5).

(b) The operator (x,xT): C(K) = M(K) — C(X) actually takes its values in
M(X). Indeed, the finitely additive measure (AT )'A, A € M(K), is o-additive on
X, (cf. [37, 11, Theorem 5.7]) and

(2.6) I (xxT)N(X, - Xm)‘ s|>‘|(|T’Xx;,) <”}‘”'“XK|T|(X,\';,‘,)”oom:’woo-

(x kT is obviously w*-continuous and (2.6) shows that (x xT')'(Upyk,) is uniformly
tight. It follows from x xT: L (X, p) = L (K, ») and (1.11) that

(2.7) AeM(K), A<rv=(xxT)\<p.
(c)Forallf € C(X),y € Kand A € M(X) we have
(2.8) Tf(y) = 8,(Tf) = T'8,(f) = [fdu,,

(kTN = AxxTY) = [ T(0) dN(y) = [, (1) dN(y).
Hence
(2.9) (xxT YA (4) =f,uy(A) d\(y) foralld € «.
By (2.8) the map y € K — p, € M(X) is continuous from K to M(X) with the
w*-topology. Therefore (1, ), < x is @ random measure such that (cf. (2.7) and (2.9))
(2.10) p(A4) =0 implies p (A4)=0 »r-ae.

In order to see that (2.8) holds for f € L_( X, u) we choose a sequence f, € C(X)
with f, — f p-a.e. By the order of continuity of T and (2.10) there is a »-nullset B
such that fory & B

T,(») = T(y),  f,—>/[ prae.

From (2.8) and the dominated convergence theorem we obtain, for y ¢ B,

Tf(y) = imTf,(y) = lim [f,dp, = [fdp,.

Iffe Ethenf,:= fAnl 7f,f, €L, and (2.8) follows from a similar argument
using Fatou’s lemma. O

2.5 DEerFINITION. Let E and F be Riesz .unction spaces over (X, &, u) and
(Y, &, v) respectively. Let L,(E, F) be the class of integral operators from E to F.
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By L(E, F) (L,(E, F), L,(E, F)) we denote the class of all operators with a
singular (diffuse, atomic) representation, i.e. the class of all operators T: E — F such
that p [T'] is p-singular (diffuse, atomic) for »-almost all y € Y.

2.6 ProrosiTiON. L,(E, F), L(E, F), L,(E, F) and L,/(E, F) are bands in
Ly(E, F) and we have the (lattice) orthogonal decompositions

Ly(E,F)=L(E,F)®LJ(E,F), Ly(E,F)=L,(E,F)®L,(E,F).

PrOOF. The decomposition of a measure A into its diffuse part A and its atomic
part \* as well as the Lebesgue decomposition A = X' + X° into its p-absolutely
continuous part X' and its p-singular part X' define maps A = A%, A - A, A = X,
A — X in M( X), which are measurable with respect to the Borel structure generated
by the o( M( X), C(X))-topology on M(X) [9]. Therefore, for a random measure
(#,),ey> (B2),cy is again a random measure with |u?| < |p,|, b € {d, a,i, s)}. By
Remark 2.3 the required order properties can be reduced to the corresponding order
properties of the classes of p-singular, diffuse or atomic measures in M(X). O

Finally we point out a connection between the representation (+) and martingale
representations of an operator (cf. [7, Chapter V]).

2.7 DErFINITION. Let E and F be Riesz function spaces over (X, &/, n) and
(Y, &, v) respectively with 1 € E*, 1 € F*. Let 2, be an increasing sequence of
algebras, each generated by a finite member of atoms A4}, i = 1,...,s,, such that
U,2, generates.&/. If T: E — Fis a linear operator, put

F(3) = T T00) (4D - x4 (x).

Then (%, 2,) is a “martingale determined by T ”.

2.8 PROPOSITION. Let T: Li( X, &, p) = L\(Y, %, v) be bounded and (%,, Z,) be
a martingale determined by T.

(a) Forallg € L (Y, v)we have T'g = L, — lim g(%,).

(b) If (v,) , < x is the representation of T', then w*-lim %, (x) - v = v_p-a.e.

PROOF. Since T is L,-bounded we have for all n

sup ”Z(X)”L,(Y,y) <|T|z,»2, < o
xe€X

and for all f € L,(X, p) the Bochner integrals [, %, (x)f(x) du(x) converge to Tf in
the L,(Y, »)-norm.
(a)Forallg e L _(Y,v)and f € L,(X, ) we have

T(f) = 8(17) = g lim [%(x) -1 (x) d(x)
= lim [g(#,(x) /() du(x)
= [[limg(£,(x))] £(x) du(x)

since the scalar-valued martingale (g ° %,, Z,) converges. Hence T'g = lim,, g(%,).
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(b) Choose a sequence (g,) € C(Y) that generates the w*-convergence in M(Y)
(cf. [37, 1I, Theorem 6.6]). Since the martingale (g, ° %,, Z,) converges p-a.c. to
T'g, and

(T'g )(x) = ».(g,) p-ae.forallk,
there is a p-nullset N € &/such that for all k and x &€ N

g8 (Z(x)) = r(g) forn— 0. O

3. Universal convergence and U-equi-integrability. The notions to be introduced in
this section are analogous to convergence in measure and equi-integrability respec-
tively, in the sense that “smallness in measure” is replaced by a topological
condition.

3.1 DErFINITION. A sequence A, €%/ of Borel sets in X converges to zero
universally if every subsequence of A, contains a subsequence (4, ) such that
N,,Ug- 4, is countable (write 4, 50).

In particular, if 4, 50 then w(4,) 50 for every diffuse measure p. By [37,
Theorem I, 2.8 and II, 8.1], one could also replace the word “countable” in this
definition by “universal null set”. A “typical” example of a universal nullsequence
is the sequence of dyadic intervals [(i — 1)/2",i/2"],i=1,...,2", n € N, or, more
generally, every sequence 4, € &with d(A4,) — 0. On the other hand, if 4, is the set
that is taken out of [0, 1] at the nth step of the construction of the Cantor set, then
A, is a pairwise disjoint sequence which does not converge to zero universally.

3.2 DEFINITION. (a) A sequence 4, € M(X) goes to zero universally (u,, 5 0), if

for every € > 0 there is a sequence 4, such that 4, 5 0and lim |p,|(45) < e

(b) A subset U € M(X) is called u-equi-integrable if for all 4, € &/ with 4, 50
we have sup{|u[(4,):p€ U} = 0 forn - .

If all p, and p € U are absolutely continuous with respect to a given measure »
and if one replaces “4, 507 by “»(4,)— 0” in (a) and (b), then the above
conditions become equivalent to convergence in measure and to equi-integrability,
respectively. Observe that these definitions depend only on the topology of X, but
they can also be expressed in terms of the metric given on X:

3.3 PROPOSITION. Let U be a uniformly tight subset of M (X). Then the following
statements are equivalent.

(a) U is u-equi-integrable.

(b) sup, e ylni(A4) — 0 for d(A4) — 0.

(c) Every limit point of U in the w*-topology of M(X) is a diffuse measure.

PROOF. (a) = (b) is clear, since d(4, ) — 0 implies A, — 0.

(b) = (¢). If p = w*-limp, with p, € U and if A4, is a decreasing sequence of
open balls in X with N4, = {x}, then by [37, Theorem II, 6.1]

0 < p(x) <p(4y) < limp,(4,) >0 fork— .

n
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(c) = (a). Otherwise there are sequences p, € U, 4, € & and a constant C > 0,
such that
p,(4,)=C, B=[) U 4,, iscountable.
h m=n

Since a umformly tight subset is w*-compact in M( X) [37, Theorem 11, 6.7] we may
assume g, 5 p. For the closed sets B, = U*_, 4, we have

n=m-""m

p(B,) > limp,(B,) > limp,(4,)> C.

n n

But p(B) > C contradicts the assumption that p is a diffuse measure. 0O

3.4 PROPOSITION. Let (pn,) € M (X) be a sequence with p., % L€ M(X). The
following statements are equivalent.

(a) , = 0.

(b) For alle > 0 and §, > 0, i € N, there are finitely many K, € o/ with d(K,) < §;
andlim, p, (X - UK,) < ¢

(c) p is an atomic measure.

PrOOF. (a) = (c) Choose a subsequence (u, ) and a sequence 4, € & such that
lim p, (45) < 1/i and N, Uy, 4, is countable. Since C,, = U, 4, is open it
follows from the w*-convergence of p,, [37, Theorem II, 6.1] that

. . 1
“’( m) lim p‘nA(Cm) < linl ,‘LnA(AZ) S 7
Tk k
For B, = U,,C,, we have u(B;) < 1/i and B/ is countable. Repeating this argument
foralli € N we obtam that u is zero on B = N, B, and B¢ is countable.

(b) = (c). Let u“ be the diffuse component of p and & > 0. Since u?(A4) — 0 for
d(A) — 0 there is a sequence §; > 0 such that for all sequences K, with d(K;) < §,,
i € N, we have u"(U,EN_K ;) < &. By assumption, there are finitely many closed K;
with d(K;) < §; and lim, p,(X — U,K;) < &. Using the w*-convergence of u, we
find

p/(X) < p(X - UK,) + p/(UK,) < h_m_ pa(X —UK;) +e<2e
for all € > 0. Hence p is atomic.

(c) = (a). Let p= 22,8, . Given ¢ > 0 we choose an i, such that X2
For A,, = U, A(x;,1/m), where A(x;,1/m) is the open ball with center x; and
radius 1/m, we obtain

,\8.

ig—1

li_Inl"‘n(Am)> E(X ‘X)_€

n
Choose a scquence (n,) withn, <n, ., so that p,(A4,)=p(X)—¢eforn>
and put B, =

m’

u
if n, <n<n, . Then B, >0 and furthermore, we have for

ﬂl

nm < n < nm+1

pa(By) = p,(45,) < p,(X) = p(X) + e,
where g, (X) — u(X) = 0 forn — oo.
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(c) = (b) is shown similarly. O

3.5 PROPOSITION. If pu, € M(X) is u-equi-integrable and a universal null sequence
then ”un”M(X) - 0.

This follows immediately from the definitions. On the other hand we have the
following decomposition result whose analogue for convergence in measure and
equi-integrability goes back to Kadec and Peltczynski [18, Proof of Theorem 5].

3.6 PROPOSITION. Let (p,) be a bounded, uniformly tight subsequence of M (X).
Then there is a subsequence (n, ) and sequences (v, ), (A, ) € M (X)) such that:

Dy, =ve T AL AN =0

(i1) v, 5 0and (A,) is u-equi-integrable.

PrROOF. Let D(-, -) be a metric on U,  x, generating the o(M( X), C(X))-topol-
ogy (cf. [37, Theorem II, 6.2]). Since g, is uniformly tight, the sequence is relatively
D-compact [37, Theorem II, 6.7] and we may assume that u, D-converges to some
pE€ M (X). If p* and p¢ denotes the atomic part and the diffuse part of p
respectively, then it is enough to find Borel sets 4, and a subsequence (7, ) such that

D
#,| 4, = . Indeed, according to 3.3 and 3.4, v, = p,, |, and A, = p, |, have all
the required properties.

Let p* = 272 ,a,8, . Since every ball K in X contains a ball K, with w(K, —K)=0
(cf. [37, Proof of Lemma II, 6.5]), there is for every x, a decreasing sequence of balls
(K/")pen With

{x;} = NK". p,(K") > p(K") forallm,i.
m
Given some & > 0 we choose i, such that D(u*, i 0,6, ) < e/2. For B =
we have

D
ol gm = 1| gn forn — oo

and (by the dominated convergence theorem)

D iy

o bl = Lod,
1

Therefore, there are m,, and n such that D(u,, |Bm 11,8, ) < &/2. Hence for all
¢ > 0 we can find a set 4, (put A4, = B"°) and n, such that D(f,, |A , 1¢) < e This
completes the proof of 3.6. O

3.7 REMARK. We found it convenient to define u-convergence in topological terms.
From a more ‘abstract’ point of view the concept can be described as follows: Let &/
be a countably generated o-algebra of subsets of some set {2 and let ¥C &/ be a
countable generating system, which is closed under finite intersections and unions.
Then for4, € ¥, A, % 0 ‘means’ that every subsequence of (A,) has a subsequence

(A, ) such that

[

o
(3.1) n{ C € #|3ksuch that |J 4, < C}

m=k
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is countable. Indeed, by replacing (2, &) by its canonical separable Borel space (cf.
[37, V.2]) we may assume {x} € &/ for x € @ and then ¥ is a base of the closed
subsets of a metrizable topology on £ such that (3.1) corresponds to N, U5:_, 4, (by
Urysohn’s metrization theorem [2, p. 125]). O

Next we recall a norm on the vector space M[0, 1] which is called “discrepancy”-
norm in mathematical physics (cf. [35]). In the context of representation theory of
linear operators it was first used by J. Bourgain [3].

3.8 DEFINITION. M, denotes the vector space M[0,1] normed by |||, =
sup; e, |n(1)], where J is the set of all intervals in [0, 1].

3.9 REMARK. M, is a noncomplete normed space. If (u,) is bounded in M[0,1]
=N w*
and p,, —>0u € M[0,1] then p,, — p. If, in addition, all u,, are diffuse, then so is p.

3.10 PROPOSITION. Let U be a M|0,1]-bounded set of diffuse measures. If U is
u-equi-integrable, then U is relatively compact in M,. If all the measures in U are
positive then the converse is true too.

K]

PROOF. “ = ” Since U is w*-compact it is enough to show that u, € U, p, i [
implies ||, — pllo — 0. Since (i,) is u-equi-integrable and p is diffuse by Proposi-
tion 3.3 there is for every ¢ > 0 some § > 0 such that
(3.2) d(I)<é=|p/(I)<e |p,)(I)<e foralln.

Furthermore, we can choose finitely many intervals /;,...,1, such that for every
interval with d(I) > 0 there is some s € (1,...,r) and intervals J, J, with

(3.3) IAICcJ ud, d(J)<8,d(J),) <.

Let I be an arbitrary interval in [0, 1]. Depending on whether d(I) < d or d(I) > &
we have by (3.2)

tX

| (1) = (D] <, l(1) + (1) < 26
or by (3.2) and (3.3)

la (1) = (D] < e + max|p, (1) = p (1)

Since every interval is a convergence set for the diffuse measure p, it follows that
e, — pllo < Se for n large enough.
“ <« Let ¢ > 0. By assumption there are finitely many u,,...,u, with

rlrlrlil o = pllo <e forallpe U.
Therefore there is a 8 > 0, such that forallp € U
p(l)<e+ r'n_ralxlui(l)| <2 ford(I) <.
Since p. > 0 the proof is complete. O

4. Operators with a diffuse representation. Recall the following characterizations
of an integral operator T: £ — F:

—(Buhvalov [5], [40], [45]) For all f € E, and 4, € & with u(A4,) — 0 we have
T(x4,f) = Ovae.
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—(Dunford and Pettis [10]) For all ¢ > 0 there is an A € &/ with u(A¢) < & such
that T(Up (4., N E) 1s equi-integrable.

—(cf. [7, §V.2]) For all ¢ > 0 there is an A € & with u(A4°) < € such that a
martingale determined by Tx , (see 2.7) converges in L (A, p, L (Y, »)).

By replacing convergence in measure, equi-integrability and the L,(L,)-norm by
the corresponding ‘universal’ notions from §3, we obtain characterizations of
operators with a diffuse representation. However, we have to formulate some of the
conditions for the adjoint operator. The reason is that it is a self-dual property for a
regular operator to be an integral operator, while to have a diffuse representation it
is not.

4.1 ExaMPLE. Let p be the Lebesgue-measure on [0, 1]. The operator

Li([0.1F, p & w) > Ly([0.1], ). TF(») = [f(x, ») du(x)

has the diffuse representation p, = p ® §, while 7" has the atomic representation
Vix. ») 8)"

As an example for the ¢-algebra appearing in Theorem 4.2(b), we could choose
here the Borel sets of the form A4 X [0,1], 4 < [0, 1].

4.2 THEOREM. Let E and F be Riesz function spaces on (X, s/, ) or (Y, B, v)
respectively with 1 € EX, 1 € F*. For an order continuous operator the following are
equivalent.

(a) T has a diffuse representation.

(b) For all A € s/, u(A)> 0, there is a o-subalgebra = of «,, such that p|s is

diffuse and T | £, is an integral operator

(c) Forallf€ E, andA € Awith A, 5 0 we have T(X4, f)— O0vae.

(d) For all € > 0 there is a BE # wzth v(B“) < € such that T'(Up p,, N FY) is

u-equi-integrable.

(e) (Assume in addition that X = [0,1].) For every ¢ > O there is a B € # with

w(B€) < € such that a martingale determined by T'x g F*— E* (see 2.7)
converges in L (Y, v, M) (see 3.8).

PROOF. By 2.4 we can choose compact sets X,, C X and Y,, C Y such that:

41 Xx,cX,,,c--, p(X-UX,)=0, plx,is strictly positive,
42) Y, cY,,c--, »(Y-UY,)=0, »r,isstrictly positive,
(4.3) Xy T: C(X) = C(Y,), xx, Tt Lo(Y,9) > L (X, 1),
(4.4) T'xy: Ly(Y,,»)— Li(X,p) ‘extends’ to a w*-continuous

map (X),,T) : M(Y,) > M(X), and
(4.5) T’(UM( ,,“)) is uniformly tight in M( X) for all n.

By (1, ), we denote the representation of T.
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(a) = (b) is essentially shown in [46]: for every random measure (p,),cy With
diffuse measures p, on (A, &), there is a o-subalgebra = of &/, such that p is
p-absolutely continuous on = for »-almost all y € Y. '

(b) = (a). If the atomic part of T were not zero, then by (4.3) and [19, Theorem
5.5] there would be an 4 € #/such that Tx , is an isomorphism as an operator from
L,(A) to L,(Y, »). This contradicts (b).

(a) = (¢). For all y € Y for which p, is diffuse and f is |u |-integrable we have
fo = X4,/ = 0in p -measure and by the dominated convergence theorem

\Tf,(»)| =|p,(£,)| = 0 forn > co.

(c) = (d). First we show that 7™ has property (c) too. Given 4, € &, 4, 5 0, we
have forh, = f - x 4
(4.6) limsupT*h, < T*f.

On the other hand, for every 0 < h < f we have h A h, = h - x , and therefore
T(h A h,) = Thv-a.e. This implies

(4.7) T'f=sup{Th:0 < h<f}<liminf T*(h,).

From (4.6) and (4.7) we obtain T"f = limT"h,, ie. T"(f- x, ) — 0 v-ae. Hence
T*, T~ and |T| have property (c).

Given € > 0 we choose as K, one of the Y, such that »(K{) < ¢/2. From (4.4) we
get (xx,I')': Ly(Ko, ») = L,(X, p) and by (4.5) we may assume that, in addition to
(4.1), the X, satisfy

m-— o0
(49) spl [TV Uy, "0
XX,
If for every m we find a compact K,, C K, with »(K, — K,,) < £/2™"! such that
(4.9) sup{f |T'fdp: f € ULI(KW,,)} -0 ford(4)—0
ANX,,

then B =N, K,, satisfies property (d) because of (4.8), (4.9) and 3.3. For a fixed X,,
we choose open sets 4, and a sequence i, such that

(4.10) X, C 101 A; forallk,
i=ig+1
(4.11) max{d(A4,)li =i, +1,...,0,,1} >0 fork - oo.
Since A4, 5 0, it follows that |T|x, — 0 »-a.e. By Egoroff’s theorem we find a
K, C K,withp(K, — K,,) < e/2""! and
(4.12) Ixx,|T1x4)|,, =0 fori— oo.

By Lebesgue’s covering lemma [22, p. 154] there are §, > 0 such that each 4 C X,
with d(A) < §, is already contained in one of the sets 4, i =i, +1,...,i, ;.
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Therefore, for every 4 C X, withd(A) < §, andf € U, (k, ,, we have

L1 du < max [ 1O)1T10,)() dv(y)
A =i+ K,

IHTXZ

[/
<

For k — o0, (4.9) follows from (4 11) and 3.3.
(d) = (a). We may assume that the Y, in addition to (4.2)-(4.4) satisfy

(4.13) T'(Um YM)) is u-equi-integrable for all n

(compare (1.11)).
For a fixed y € Y, we consider the sequence v, = (Am) X4, 'V, Where 4, is a

neighborhood base of y in Y,. Then p,, — 8, and T'p, 5 T'$, = p,. Since p, is a

w*-limit point of 7'(U, (v, ,,) it has to be diffuse by (4.13) and 3.3,

(d) = (f). By (4.4) and (d) there is, for every e > 0, a B € %, v(B) < ¢, such that
V = T'(Up,(p.) Is u-equi-integrable. By 3.10, V" is compact as a subset of M,. But a
martingale (%, 2,) determined by (xz7T) takes its values in V' and therefore it
converges in M.

(= (a). If (#,, Z,) is determined by (x 5T )’ then % /( y) w*-converges to u, for
v-a.e. y € B according to 2.8(b). Since (%, Z,) converges in L,(B, », M,) these
w*-limits are diffuse »-a.e. in B by the pointwise convergence theorem for martingales
and Remark 3.9. O

In the characterizations of integral operators quoted above one cannot replace the
L,-norm by a norm given on E. For example, for E = L, there are norm-compact,
positive convolution operators which are not integral operators (cf. [7, p. 93; 14]).
But at least in some cases this can be done for the characterization of diffuse

representations.

4.3 COROLLARY. For a regular operator T: L,,(X, &, p) - Lp(X, ,p),1<p<
0, the following are equivalent.
(a) T has a diffuse representation.
(b') For all A € , p(A) > 0, there is a o-subalgebra 2 of 7, such that p| is
diffuse and T| Ly(E ) is norm-compact in L. .
(d") For all € > 0 there is a B € o/ with v(B*) < € such that ||x gTx 4|, — 0 for
d(A) - 0. :
PRrROOF. By [45, Theorem 2.2}, there is a density g € L (X, u) such that (with
p(f)=87"f)

T=0pTo,": L(x.g-p)—>L,(X, g-p) foralll <gq< co.

Since T has one of the above properties if and only if T has it we may just as well
assume

T:L,(X.p)—> L,(X,p) foralll <gq< oo.



THE REPRESENTATION OF ORDER CONTINUOUS OPERATORS 549

(a) = (b). By 4.2 there is a o-subalgebra = of &/, such that T'|, 5, is an integral
operator which we may assume to be compact by [7, §I11.2, Proposition 21]. Since T:
L (Z,p) > L (X, pn) it follows by interpolation [23, Chapter 1, Theorem 3.10],
that T|, (s, is compact too.

(a) = (d’). By 4.2 there is for every ¢ > 0 a B € &/ with u(B) < ¢, such that
T'Uy (g, Is u-equi-integrable, i.e. by 3.3

”X;ezTXA”L,c = ”XATIXB”LI -0 ford(4) - 0.
By interpolation we have

) 1/, 1/p’
HXBTXA“I-,, < C”XBTXA”L: '”XBTXA”I.,p

< CllxsTxali” =0 ford(4)—o0.

(d’) = (a). Assume that T has (d’) but not a diffuse representation. By (a) = (d’)
there is a B € &, u(B) > 0, such that the atomic part S of x T is nonzero and
satisfies || Sx 4| L, 0 for d(A) — 0. But since S is atomic this contradicts the fact
that for some 4, € #, p(A4,) > 0, Sx 4, is an isomorphism into L,( X, p) (use the
proof of [19, Theorem 5.4] and observe that by interpolation the claim of Lemma 5.2
in [19] is also true for L,-norm).

(b") = (a) follows similarly to (b) = (a)in4.2. O

Denote by I and J the operators

I L,[0,1] > ¢[0.1], If(y) = fo"'f(z)dv(z),

JoL[0.1] > My, Jf=f-v

(v is the Lebesgue measure on [0, 1]). J. Bourgain has shown in [3, Theorem 7 and
Corollary 8] that for a Dunford-Pettis operator T: L,[0,1] — L,[0, 1] the operators
IT, JT are representable, i.e. there is a function #€ L_(X,u,C[0,1]) (or
L. (X, i, My)) such that the Bochner integral

(+) Tf = ff(x)f(x)du(x)

exists for all f € L, (X, &, p) (cf. [7, §II1.1]). This result is contained in

4.4 COROLLARY. For a bounded linear operator T: L (X, &, n) — L,[0,1] the
following are equivalent.

(a) IT is representable as in (*).

(b) JT is representable as in (*).

(¢) T' has a diffuse representation.

A Dunford-Pettis operator has these properties.

PROOE. (b) « (c) follows from 4.2. (a) < (e) with E = L_[0,1], F = L (X, &, 1)
because a martingale (%, Z,) determined by T converges in L_( X, u, M,) if and
only if T has a representation (x) with # = lim %, (cf. [7, §V.2]).
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(a) « (b). For all f € L,[0,1] and each interval I = [a, b] in [0, 1] we have

J) )| <[ [1 av()] +| 105 av()]

Therefore || If || cio,1) < IS I m, < 211f Ilcpo.1) @nd (b) is just a reformulation of (a).

Now we assume that T is a Dunford-Pettis operator such that 7° does not have a
diffuse representation. There is a B C [0, 1] such that (x z7)’ can be extended to an
operator L,(B, ») = L (X, i) (let xg|T|1 € L[0,1]) which is even an isomorphism
(by [19, Theorem 5.5]). Consequently, if f, € L. (B) is a sequence with C™ < || £, || L
<|flly, < Candf, = 0ino(Ly, L,) then g, = T'f, has the same properties. We
obtain

2 2
(Te) =IT7(g)] = [lg) du >Nz, > €72 > 0,

On the other hand, since g, = 0 in o(L,, L), [I8,ll,, < C, it follows from the
Dunford-Pettis property of T that

a(Tg)l <Ifille -178ll; = 0 forn — oo,

This contradiction completes the proof. O

42(b) together with a result of Enflo and Starbird [11] gives the following
alternative (in the following denote by Z or 2’ a countably generated o-subalgebra of
algebras of the form«/,, 4 € &, such that p|s, u|s. are diffuse).

4.5 COROLLARY. For every bounded linear operator T: L\(X, &/, n) = L,(Y, &, v)
and every Z as above there is either a 2’ C = such that T| L,(3") IS an isomorphism or
thereisaZ’ C Zsuch that T|, 5., is compact.

PrOOF. Depending on whether T: L,(Z, p) — L,(Y, ») has a diffuse representa-
tion or not we may apply 4.2(b) or [19, Theorem 5.5]. To obtain a criterium that
distinguishes the alternatives consider a system of sets 47 € 2, i =1,...,2", n €N,
with

(i) 47,...,A5. is a partition of 4 (if £ C &),

(i) 47 = A57% U A5, p(47) = 27" and

n

2"
a, = ‘max|TxAn
i=1 '

Li(Y,»)
If @, » 0, then it follows from [11] that T |L,(2',u) is an isomorphism for some
3’ c Z.Ifa, > 0, use[46] to obtain a 2’ C Z such that T|, 5., is compact. O

4.6 REMARK. According to Starbird [43] an operator T: L,( X, p) = L,(X, p) is an
Enflo operator, if and only if there is a subspace E of L,(X, p) isomorphic to
L,(X, p) such that T| is an isomorphism. From 4.5, [11] and the known characteri-
zation of sublattices of L, (cf. [25, §17, Theorem 3]) we obtain

(a) T is not an Enflo operator if and only if every nonatomic sublattice E contains
a nonatomic sublattice F C E such that T'| . is compact.

This can be compared with the following known results:

(b) T is an integral operator if and only if each band E of L;(X, p) contains a
band F such that T'| . is compact [7, §I11.2, Proposition 21].
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(c) T is weakly compact if and only if every infinite-dimensional subspace E
contains an infinite-dimensional subspace E such that T|, is compact (Pelczynski
[38). O

A further application of 4.2(b) concerning a result of Doss [8; 15, §7.5] in
harmonic analysis is given in [46].

5. Operators with a singular representation. Special examples of operators with a
singular representation are Riesz homomorphisms (cf. [39, 11.2, II1.9; 32, 1.7]) and
their duals. This is obvious from the following characterizations ((A) < (C) < (D)
are well known; see [31, 28, 16]).

5.1 PROPOSITION. Let E and F be Riesz function spaces over (X, &, n) and
(Y, B, n) respectively with 1 € EX, 1 € F*. For an order-continuous operator T:
E — F the following are equivalent.

(A) There are measurable maps o: Y — X, a: Y — R such that forallf € E

Tf(y) = a(y) - f(a(y)) ra.e.

(C) T is a Riesz homomorphism, i.e. |f| A |g| = 0 implies |Tf| A |Tg| = 0 for all
f,g €E.

(D) For every ¢ > 0 there is a B € &, v(B¢) < ¢ such that for every sequence
B, C B with d(B,) > 0 there is a sequence A, € « with d(A,) > 0 and
ITI(x4,) > x8, * ITI1).

(C’) For every € > 0 there is a B € B, v(B°) < € such that for every sequence
f, € F5 with d(supp f,) = 0 we have d(supp T'f,) — 0.

(D) T": F*— E* has the Maharam property [31], i.e. for all A € &/ there is a
B € B such that |T'|(x5) = x4 T[(1).

(A") There is a p-orthogonal random measure (v,) . x on (Y, B) and a measurable
b: Y — R such that for all f € F*

Ti(x)= [

f-bdv, p-a.e.,
(x)

where 0: Y — X is the separating map belonging to (v,), c -

PROOF. (C) « (D’). See (28, 31].

(C) = (A) is shown in [16] by a lifting argument. Alternatively, if (u, ),y is the
representation of T and A4, € &/a sequence that generates &, then there is a »-nullset
N C % such that

(51)  A,nA,=2={y:p,(4,)#0}n{y:p,(4,)*0}CN.
Therefore, for every y € N° the support of p, is a single point. Otherwise there were

Yo €N, A4, and 4, with 4, N4, =& and p,(4,)>0, p,(A4,)>0 con-
tradicting (5.1). Now choose (y) = supp(p,) and a(y) such that p, = a(y)d,,,.
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(A) = (A’). Let (A,) . x be the representation of T’ and A, € &/ a sequence that
generates&Z. For B, = 07!(4,) we have

J MY = B) dnx) = (ITxy- 5, )x0, = Xy-8(1 Ik,

= fXY—B,,Ial “Xol(4,) dv=0.
Hence there is a p-null set N such that

ANJ(Y—-B,)=0 foralx € A4,,x &N.

n’
For a given x ¢ N there is a subsequence 4, with 4, D4, . {x}=NA4, .
o”'(x) =N B, so that

AJ(Y = 07! (x)) <lmA (Y - B, ) = 0.
Now put », = |A,|/||A, || for A, # 0 and

a(y)

d|>\0()')|

(A") = (D). For a given A € &/choose B = 6" }(A) if 6: Y — X is the measurable
map corresponding to (¥, ), < v

(A) = (D). Choose a compact B € &, v(B) < ¢, such that o], is continuous. If
d(B,) - 0, B, C B, then d(a(B,)) = 0. Put 4, = o(B,).

(D) = (C'). Choose a B as in (D). If B, = supp(f,) and d(B,) — 0 then there are
A, withd(A4,) = 0and|T|(x, ) > x5, - ITI(1). Therefore

JITH(U5)) di = [1flxs, -1TI1) do < [17]-1T1(x.) dv

b(y) =[Aol- (»)-

= [ 17117 dp.
All

Hence supp(T"f,) < supp|T'((/,) € 4, and d(4,) — 0.

(C’) = (A). For every € > 0 there is a compact B as in (C’) with the additional
property that »|, is strictly positive and (xzT): M(B) > M(X) is defined and
w*-continuous (by Proposition 2.4). For a fixed y € B we choose* sets B, open in B

with N B, = {y} and d(B,) - 0. If f, = »(B,) x5 then f, - » > &, and

(Tf)m = (xsTY Uy #) S (xsT)8, = 1,

where (p,), g is the representation of x ;7. By (C’), d(supp(T’f,)) — 0 and p . has
to be a 'péint measure. Again, put ¢(y) = suppp, and choose a(y) such that
by = a(y)- 80(_;-)- O i

Since every bounded sequence f, € L,(p) with f, — 0 has a subsequence whose
functions are ‘almost’ pairwise disjoint, the following notion may be considered a
weakening of the disjointness preserving property of Riesz homomorphisms and of
(C’) in Proposition 5.1.
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5.2 DErFINITION. Let E and F be Riesz function spaces over (X, &, u) and
(Y, &, v), respectively. A linear operator 7: E — F is called u-v-continuous, if for
every L,( X, p)-bounded sequence f, € E with f, u % 0 we have Tj 7, 50,

In the same way condition (D) below may be understood as a weak form of the
Maharam property and of (D) in 5.1.

5.3 THEOREM. Let E and F be as in 5.2 with 1 € E*, 1 € F*. For an order-continu-
ous operator T: E — F the following are equivalent.

(A) T has a singular representation.

(B) If S is an integral operator with0 < S < |T|then S = 0.

(C) For alle > O there is a B € % with v(B°) < & such that T g is u-v-continuous.

(D) For all € > 0 there is a B € &, v(B°) < ¢, such that for all B, € B, B, 5 0,
and a > 1 there are A, € &with u(A,) = 0 and

alTl(x4,) = x|TI(1) foralln.

(E) Foralle > 0 thereisan A € o/, n(A°) < &, such that for a martingale (%,, Z,,)
determined by Tx , we have %,(x) = 0 for u-almost all x € A.

Furthermore, T: E — F has a singular representation if and only if T': F*— E* has
one.

PROOF. By 2.4 there are compact X, C X, Y, C Y such that:
(5.2) VoY, c, »(Y-UY,)=0, |y strictly positive,
(5.3) X, X, €y p(X=UX,) =0, plg strictly positive,

(54)  x»,T.xy|TI: C(X) = C(Y,), xy|Tl: Lo (X, ) = L (Y, %),

(xy,TY, (xy,ITY: Ly(Y,,») > L\(X,p) extend to w*-con-
(5.5) tinuous operators M(Y,) = M(X) such that (xy |T])(Upy,,)
is uniformly tight,

(5.6) Tlxx,: Li(X,. p) = Ly(Y.»).

79

By (p,),ey and (»,).cy we denote the representation of 7 and T": F*— E*
respectively.

(A) e (B) follows from 2.3 and 2.6.

Since a regular operator S is an integral operator if and only if S’ is one, property
(B) and therefore property (A) are self-dual.

(A) = (C). Since T has (A) if and only if 7" has (A) we may just as well show that
“T has (A)” implies “T" has (C)”.

We fix one of the Y, and assume, in addition to (5.2)-(5.5), that allp,,y € Y,, are

p-singular. Let f,, € Fy be a sequence with || f,,ll; (v, ,, < 1 and f,, 50. Itis enough
) has a subsequence ( f,

) such that T'f, Lo
Hence we may assume that (|f,,| - ») w*-converges to some A € M_(Y,). By 3.4, A

must be an atomic measure of the form A = 2a;6, with Z|a;| < o0, y, € Y,. From

to show that every subsequence of ( f,

m
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(5.5) and (1.11) we obtain
57 AT v =ITI(l) = 1T = LT3, = Taln,).

In particular, |T’|A is a p-singular measure and by Lebesgue’s decomposition there is
for every 6 > 0 an open set A € & with u(A4) < 8 and |T)A(X — A) = 0. Since
X — A is closed it follows from (5.7) that

fm [ I7(1f,)) d < T (X = 4) = 0,

ie. [T’ < IT'(1f,) > 0 for m = oo.
(C) = (E). Let (#,, Z,)) be a martingale determined by Tx , with the additional
property
(5.8) sup{d(C): Catomof 2,} - 0 forn — oo.
If x € A4 is contained in the atoms C, € 2, thenf, = u(C,,)“xC“ 50 and Z(x)=

T(f,) L 0if 4 is chosen as in ©).

(E) = (B). A martingale (£, Z,) determined by an integral operator S: L,(pn) —
L,(») converges pointwise p-a.e. to the kernel function x — k(-, x) of S (cf. [7,
§V.2).If 0 < S < |T|it follows that %, (x) 5 0,ie. S =0.

In (C) = (E) only martingales with the additional property (5.8) are considered.
Therefore we add

(A) = (E). If T has a singular representation then so does |T|. Choose 4 = X,
such that p(A4°)<e and Tx,: L,(A,p)—> L (Y,»). For a martingale (9,, Z,)
determined by |T'|x , we have by Proposition 2.8

(5.9) G (x)-v = |v| p-ae.inA.

Fix an x with (5.9) and |»,| L ». By Lebesgue’s decomposition there is for every
6 > 0 an open set B in Y such that |, (Y — B) = 0 and »(B) < 8. From (5.9) we
obtain

EH/ |9, (x)|dv <|v|(Y - B) = 0.
n YY-B

Hence 9,(x) 50 for p-almost all x € A. The same is true for a martingale (%,, Z,)
determined by T'x , because | %, (x)| < 9,(x).

(A) = (D). Given ¢ > 0 and a > 1 choose sequences ¢, > 0 with X°_ ¢, <,
a,>1witha,<a,, ,<-- <aandaé,>0withg, - 0.

First we construct systems of sets M" € &/, N"€ #,i=1,...,5,, and K, € ¥
such that for n > 1:

(5.10) The M",i=1,...,s,, are closed in X with u(M") < §,,

s,

(5.11) The N",i=1,...,s,,areopen .n K,and \JN"=K,,

i=1
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Every N/ is contained in some Nj"‘1 and then M/ is
contained in M,
(5.13) @, T (xop) = Xl TID) -aies

K, is compact withK, c K, _;, »(K,_; — K,) < ¢,, and we
have x x Tx pn-1: C(M/"~ 1)—»C(K)forz—l Sp_1-

(5.12)

(5.14)

To start we choose a compact K; C Y with p(K{) < ¢ such thatallu,, y € K, are
p-singular and put s, = 1, M} = X, N} = K,. Assume now that all K,,, M", N,",
m < n, are already constructed. By 2.4 we can find a K|, satisfying (5.14). Choose
some 1 <b, <b with b-a,_, <a, For a fixed y e K, N N""! we use the
abbreviations N = N"~' N K,, M = M. Since p, and p are disjoint on M there

is (by [39, I1, Proposition 4.3]) a sequence of continuous functions 4, on M with

J
0<h <1, F"(hj)_’o’ |I‘y|(hj)_’|l-"y|(M)-

In particular, there is a j;, such that

(5.15) w(M,) <8, forM, = {hjo > l;;bb‘ }
(5.16) (|T|XM)()’) =|P'yl(M) < blll"’vl(hjo) = b1(|T|hj0)(y)'

Since |T|x » and |T'|h; are continuous on K, there is an open neighborhood N, of y
in K, such that (5. 16) holds for all z € N,. From (5.16) we obtain, for v-almost all
z € N

bi(IT1xw, )(2) > BiITI(h,,)(2) = ol TI( By, xpr- e, )(2)

> 71(0)(2) = BTl 23500 () = 1710 )2

Since b - a,_, < a, and by (5.13) for M and N we get

(5.17) a,(1Tlxw, )(2) 2 @, 1| THxa)(2) 2 x| TI(1)(2)
for v-almost all z € N, € N. We can find such N, and M, for all y € K,,. Since K, is
compact there are flmtely many N, ..,N,,‘_ that cover K,. Put N "=N, and

M'=M,,i=1,. .- This completes the construction of N". M, K, with (5 10)
to (5.14). Finally defme B =N,K,. By (5.14) we have »(B¢) < Z¢, <.

Let B, € #; be a sequence with B, 0. We may assume without loss of
generality that the B, are open in B. Indeed, for B, = {y € B: d(B,, y) < 1/k} we
have for all subsequences (k)

ﬂ CJBk,=ﬂ GBk,-

m [=m m [=m

Define A, = U{ M": N/' € B, }. From (5.11) and (5.12) it follows thata - |T'|(x 4,) >
X p,(T1) v-ae. and it remains to show that u(4,) - 0. Otherwxse there would be a
subsequence k, such that p(A4,)> & > 0. Since B, 50 we may assume that
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C =N,Cy, G, = U2, By, is countable. Therefore, for a sequence (n;) with £, <
/2, the countable set C is contained in a set of the form N, = U N/ Observe that
for My = U; M}, we have by (5.10) u(M,) < L8, <8/2. On the other hand, since
Ny NNC, = @ and all the sets involved are compact, there is an m, such that
C,, € Ny. But Bkmo c G,, © N, implies 4 kg © M, by (5.12) and the definitions of
A, . This contradicts p( A kmo) > § and therefore we showed that u(A4,) — 0.

(D) = (B). Given 0 < S < |T| and ¢ > 0 there is a B € &, v(B°) < ¢, such that
IT|: L (X,pn)—> L (B,») has (D) and S: L_(X,p)— L (B,») is a compact
integral operator (cf. [7, §V.2, Proposition 21]) with (D). Choose a sequence B, € %;
with d(B,) = 0 and ||x 5 S1||.. > 31x 5S1||.. By (D) there are 4, € &, u(4,) — 0
with 28(x,,) > x, - S1. Since S is compact it follows that ||Sx 4 [l = 0, ie.
xgS=0. O

5.4. REMARK. If E and F are Kothe function spaces one might ask if one can
replace in (C) the L,-boundedness of the sequences f, € E, by E-boundedness. In
general the answer is no: Every continuous linear operator T: L,(X, &, p) —
L,(Y, %#,v),2 <p < oo, would have this modified property (C). (Indeed, by Theo-
rem 2 and Corollary 5 in [18], for a sequence f, € L,, 2 < p < o0, with ”f"”Lp =1,
£, %0 the following statements are equivalent:

@, =0,

(i) every subsequence of (f,) has a subsequence equivalent to the unit vector
basis of L,

(iii) ( f,) has no subsequences equivalent to the unit vector basis of /,,
and it is impossible that 7 map a basic sequence equivalent to /, into a basic
sequence equivalent to /, for p > 2.)

6. Operators with an atomic representation. Before giving characterizations analo-
gous to 5.3 (in 6.5, 6.6) we name a class of ‘typical’ examples in L,(E, F) (compare
6.2).

6.1 DErFINITION. Let E and F be Riesz function spaces over (X, &, u) and
(Y, #, v), respectively. A linear operator T: E — F

(a) is called a local Riesz homomorphism, if there are pairwise disjoint 4, € &/ with
Uien4; = X such that Tx 4 is a Riesz homomorphism for all i,

(b) has the local Maharam property if there are pairwise disjoint B, € # with
U,enB; = Y such that x 5 |T'| has the Maharam property for all i.

Proposition 5.1 shows that these notions are dual to each other and indicates how
such operators can be represented. The next theorem is due to N. J. Kalton
((i) < (ii) is given in [19, §3] with a different proof using the Kuratowski-Ryll-
Nardzewski selection theorem; (ii) < (iii) is implicit in [20, §5; 19, Theorem 5.4]; the
‘locally elementary operators’ of [20] correspond to the ‘local Riesz homomor-
phisms’).

6.2 THEOREM. Let E and F be as in 6.1 with 1 € E*, 1 € F*. For an order-continu-
ous operator the following are equivalent.
(i) T has an atomic representation.



THE REPRESENTATION OF ORDER CONTINUOUS OPERATORS 557

(it) There are Borel functions a,: Y = R, 6,: Y — X such that for all n € N and
v-almostally € Y

S (3] < oo,

n=1
0,(y) #0,(y) form#n
and forallf € E

|an(y)| = |an+1(y)

o

Tf(y)= X a,(»)f(o,(»)) ra.e.

n=1
(iii) There is an increasing sequence of local Riesz homomorphisms T,: E — F such
that |T| = sup, T,.
(iv) There is an increasing sequence of operators S,. F*— E* with the local
Maharam property such that |T| = sup S,,.

As an immediate consequence of 6.2(iii), (iv) and 2.6 we obtain

6.3 COROLLARY. (a) The band generated by all Riesz homomorphisms in Ly(E, F)
equals the class of all operators with an atomic representation.

(b) The band generated by all operators with the Maharam property in Ly(E, F)
equals the class of all operators whose duals have an atomic representation.

The band generatd by a single Riesz homomorphism (or operator with the
Maharam property) was studied in [31].

PROOF OF 6.2. (a) = (b). Since (X, &, n) is a standard measure space we may
assume X = [0,1]. M,(X) denotes the space of all atomic measures on X and let Z*
be the Borel structure on M,(X) generated by the w*-topology. Define

a:M,(X)—->R, a(A)= inea§|)\(x')

¢: M,(X) > X, ¢(N\)=min{x € X: [A(x)| = a(A)}.
ForA! =[(i - 1)/2",i/2"],i = 1,...,2", n € N, we have
a(A) = inf nf_%xIA(A,")L
This shows that a is #*-measurable. From,

¢ ([x,1]) = {A € M,(X): a( Ao ) < a( Nixar))
it follows that ¢ is #*-measurable since { --- } belongs to £*. Also A = s(A) =
sign A(¢(A)) is #*-measurable (cf. [8 3.9]). Given a random measure (§,),cy
representing T we put
al(y) = s(p’y)a(p‘y)’ ol(y) = (p(p’y)a
aZ(y) = a(p’y - al(y)sal(y))! OZ(y) = q’(”’y - al(y)so](y))

Continuing like this we obtain measurable a,: Y > R, o,: Y — X such that
by, = Z:o=1‘1,,()’)60"(y) v-a.c.
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(b) = (c). By Egoroff’s theorem there are Y, € #and (m,,), ey With

(6.1) Y€ Yy ey oY =UY,] =0, ¥ compact
n
(6.2) a,|y, and g,|y, are continuous for all n,
o
(6.3) sup Y, l|a,(x)]—>0 forn— 0.
yeY, k=m,

For T, f(y) = &Fzla(DIf (0, (¥ ) x v (y) we get T,(f)(y) 7|T|f(y) v-ae. for

all f € E, and it remains to show that the T,, are local Riesz homomorphisms. Since
all °k|y,; k=1,...,m,, are continuous and o,(y) # o,(y) for k # [ there is for
every x € X an open neighborhood 4, such that 6;'(4,),...,0,'(4,) are pairwise
disjoint. Define
()= (0D 2 €T ).k
x

otherwise,

a(y)= {a"(y) ity € o' (A) k= 1.....m,,
0 otherwise.

Then T,x 4 (f ) y) = a,(y) - f(w.(»)), i.e. T, x 4 is a Riesz homomorphism. Choose
countably many (4,,),cn With X = U, 4, and putd, = A, - U;;llel.

(c) = (a)is clear since L,(E, F)is a band.

(c) < (b) follows by duality from 5.1. O

In 6.5 and 6.6 operators with an atomic representation and their duals are
characterized by another weak form of the disjointness preseving property of Riesz
homomorphisms, but these conditions will be stronger than the u-r-continuity
considered in 5.2, 5.3.

6.4 DEerFINITION. Let £ and F be Riesz function spaces over (X, &, u) and
(Y, B, v), respectively. A linear operator 7: E — F is called

(a) p-continuous, if for every L,(X, p)-bounded sequence f, € E with f, 50 we

have Tf, 50,
(b) u-continuous, if for every L (X, u)-bounded sequence f, € E with f, 50 we

have Tf, 0.

Also compare the condition 6.5(D) with 5.3(D) and 5.1(D), and condition 6.6(D")
with 5.3(D) and the Maharam property.

6.5 THEOREM. Let E and F be as in 6.4 with 1 € E*, 1 € F*. For an order-continu-
ous operator T: E — F the following are equivalent.
(A) T has an atomic representation.
(B) If 2 is a o-subalgebra of & with p|s diffuse and S: Es — F is an integral
operator with0 < S < |T| then S = 0.
(C) Foreverye > Qthereisan A € o, p(A°) < &, such that Tx , is p-continuous.
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(D) For all € > O there is a B € & with v(B°) < ¢, such that for every a > 1 and
u u
every B, € By with B, — 0, there is a sequence A, € o/ with A,, — 0 such that

a-|Tlx,, = xsg, 1T

PROOF. (A) = (C). It is clear that every Riesz homomorphism and every local
Riesz homomorphism is p-continuous and that the class of u-continuous operators is
closed in Ly(L,, L) with respect to the operator norm. But given some operator
T € L,(E, F), there is (by 6.2(iii) and Egoroff’s theorem) for every ¢ > 0 an
A €, p(A°) < e and a sequence of local Riesz homomorphisms 7,, such that

Ly =||XA(|TI’1 - Hl)”Lx -0, n- .

(C) = (B). For an integral operator S: E — F thereis an 4 € &, u(A°) < ¢, such
that Sx , extends to a compact operator S;: L,(2,, ) = L(Y,») (cf. [7, §V.2,
Proposition 21]). By [2] there is a sequence 0 < f, € L(Z,, ») N E5 with || f,|| = 1,
1 5 0 and [IS; f,Il = lISill,,- If 0 < § < |T|g, and |T|x , is p-continuous it follows

ITlxa = Toxalle, = x4 T = x4T;,

that S, f, 5 0. The compactness of S, in L;(Z,, p) implies ||S;|| = lim||S, f,]| = 0,
ie.Sx,=0.

(B) = (A). If T is not atomic, the diffuse component |T'| of |T| is not zero and by
4.2(b) there is a o-subalgebra = such that S = |T|¢| £, 18 an integral operator not
equal to zero.

(A) = (D). By 6.2(c) there is a sequence of local Riesz homomorphisms such that
0 < S, 7 |T|. By Egoroff’s theorem there is for every e > 0, a > a; > 1, a compact
B, c Ywith»(Bj) < e/2 and an § = S, such that

(6.4) a;S1 > x5, |T|1.

Let D, € #, i € N, be a sequence of pairwise disjoint sets such that Sx , is a Riesz
homomorphism of the form

(6.5) SXD,(f)()") = ai()’)f(oi()/)) v-a.c.

Since ¥[_;Sxp, S there is (again by Egoroff's theorem) a compact B C B,
v(B) < ¢, and an r € N such that

,
a
(6.6) a 2 Sxp, > x5 S,
i=1
(6.7) a,| . 0,|  are continuous for all i € N.

Given B, C B, B, 5 0, we define 4,, = U/_,0,(B,,). From (6.5), (6.6) and (6.4) it
follows that

r r
a|T|XA,,, >a), S(XA,,,n D,) =a), Xu,-‘(A,,,)S(XD,)

i=1 i=1

>a-xp - 2 S(xp)=axsS1) > x|

m R
i=1
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To see that 4, 50 choose a sequence (m,) such that NC,, C, =U% B, B, is
countable. Since for every i = 1,...,r

D,nN UA cn D, N Uo(UB )}Cﬂoi(Cn)=o,-(nCn)

n I=n i=1 I=n

is countable (use (6.7)), it follows that 4, 5.

(D) = (A). If |T| has property (D) then so does the diffuse component S of |T|.
Given a B as in (D), we choose sequences B, C B, (n,,) with

n—oo LIPS
(6.8) dB,) -0, U B,=B.

n=n,+1

By (D) there is a sequence 4, € &/ with
(6.9) 4,50, Sx, > ixz - Sl

From (6.8) and (6.9) we obtain
Xs - S(1) = lim x5 S(1) < 2 Tim S(x, ) =0

since 4, % 0 and S has a diffuse representation by 4.2(c). Hence x ;S = 0. O

6.6 THEOREM. Let E and F be as in 6.4 with 1 € E*, 1 € F*. For an order-continu-
ous operator T: E — F the following are equivalent.

(A) T': F*— E* has an atomic representation.

(C) For every € > O there isan A € o, n(A°) < ¢, such that Tx , is u-continuous.

(D’) For every € > 0 there is a B € #, v(B) < &, such that for every a > 1 and
every sequence B, € By with v(B,) — 0 there is a sequence A, € & with
w(4,) > Oanda|T|x 4, > xp,|TN.

(E") For every € > 0 there is an A € «, u(A‘) g, such that for a martingale
(%,, Z,) determined by Tx , we have %,(x) 50 p-a.e.in A.

PROOF. (A) = (C'). Applying 2.4 to T’ gives an A € &/ with
(6.10) A compact, p(A°) <e, pl,strictly positive,
(6.11) IT|X.A: Li(4,p)— Ly(Y, .”)2 .lTIXA: M(A) - M(Y)is w*-
continuous and|T'|(Uy 4,) is uniformly tight,
(6.12) v, =|T|x 4(8,) is atomic for all x € 4.

Let (f,) be a sequence with || £, || . (4, < 1 and f, 5 0. In order to show that Tf, 50
we may assume, in addition, that (|f,|- u),en W*-converges to some A € M(A).
Since |f,| - p 50 it follows from 3.4 that A is an atomic measure of the form
A = X% ,a;0, where {2 |a;| < o0 and x; € A. Then by (6.12),

oC oo

|TIA = Z aiITl(ax,) = Z “il”x,l

i=1 i=1
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is an atomic measure and from |T|(f,) 5 |T|A together with 3.4 it follows that

ITf,] < ITKIfD = 0.

(C)= (E’) is proved similarly to (C)= (E) of 5.3 (also the proof of 5.3,
(A) = (E) can be adapted to the present situation by using 3.4).

(E)=(A). Let (£#,,2) and 4 be as in (E’). By 2.8 there is an A, C 4,

p(A — 4y) =0, such that Z (x) - » 5 v, for all x EAO If A, is a w*-limit of

|Z,(x)| - », then |r,| < A, for x € 4. Since |Z,(x)|- p 5 0 it follows from 3.4 that
A, and », are atomic for x € A4,

(A) = (D’). By 6.2(iv) there is a sequence of operators S,: E — F with the local
Maharam property such that 0 < S, 7 |T|. For every ¢ > 0 and a > 1 there is a
B, C Ywith»(Bj) <e/2and an § = S, with
(6.13) axp, - S(1) > x5, 71(1).

By Definition 6.1 there is a B C B, »(B°) < ¢, and finitely many pairwise disjoint
Cp...,Gsuchthat B=C U --- U Candall xS, i=1,...,r, are operators with
the Maharam property. By 5.1 there are v-orthogonal random measures (v}‘,’ ) vec,
with Borel maps 0;: X — C; and measurable maps b;: X — R such that for all f € E

(6.14) xeS(f)(y) = f frb;dv® r-ae.inG,.

' o)
Given B, C C, it follows from (6.14) that 4, = ¢, *(B,) N { b, > 0} satisfies
(6.15) XC,-S(XA,,)(y) = XB,,S(l)(Y) v-a.e.in C,.

If »(B,) = 0 then u(A4,) — 0 because
fS(l) dv=fxc,. : S(XA,,)dV=f S'(xc,) dp.
B, A,

For general B, C B we put 4, =U/_ 4, ,, 4,;=¢,(B,) N {b; > 0}. (6.13) and
(6.15) gives

S(x4,) > ?quS(XA,,_,) > Xxp, Sl > at- x,|T1(1).
i=

(D) = (A). Let B be as in (D’). For every o-subalgebra = C %y one can show, as
in 5.3, (D) = (B), that every integral operator E — Fy with 0 < S < &x(x;|T) is
zero. By duality every integral operator S”: F5 — E* with 0 < S’ < (x|T)) is zero
and (x g|T|) has an atomic representation. O
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